arXiv:gr-qc/9808068vl 25 Aug 1998 


Symmetries of asymptotically flat electrovacuum spacetimes 

and radiation 

J. Bicak* and A. Pravdova^ 

Department of Theoretical Physics, Faculty of Mathematics and Physics, 

Charles University, V Holesovickdch 2, 

180 00 Prague 8, Czech Republic 
(February 7, 2008) 

Symmetries compatible with asymptotic flatness and admitting gravitational and electromag¬ 
netic radiation are studied by using the Bondi-Sachs-van der Burg formalism. It is shown that 
in axially symmetric electrovacuum spacetimes in which at least locally a smooth null infinity in 
the sense of Penrose exists, the only second allowable symmetry is either the translational symme¬ 
try or the boost symmetry. Translationally invariant spacetimes with in general a straight ’’cosmic 
string” along the axis of symmetry are non-radiative although they can have a non-vanishing news 
function. The boost-rotation symmetric spacetimes are radiative. They describe ’’uniformly accel¬ 
erated charged particles” or black holes which in general may also be rotating - the axial and an 
additional Killing vector are not assumed to be hypersurface orthogonal. The general functional 
forms of both gravitational and electromagnetic news functions, and of the mass aspect and to¬ 
tal mass of asymptotically flat boost-rotation symmetric spacetimes at null infinity are obtained. 
The expressions for the mass are new even in the case of vacuum boost-rotation symmetric space- 
times with hypersurface orthogonal Killing vectors. In Appendices some errors appearing in previous 
works are corrected. 
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I. INTRODUCTION AND SUMMARY 

There is only one class of explicitly known radiative solutions which are asymptotically flat in the sense that null 
infinity is global, i.e., admits spherical sections, though its generators are not complete: boost-rotation symmetric 
spacetimes describing ’’uniformly accelerated particles” of various kinds Q. A unique role of these solutions is 
exhibited by a theorem which roughly states that in axially symmetric, asymptotically flat spacetimes (in the sense 
that at least a local null infinity exists) the only additional symmetry that does not exclude radiation is the boost 
symmetry Q. 

The boost-rotation symmetric spacetimes have been used in various contexts. From a mathematical point of view, 
these solutions contain the only known spacetimes in which arbitrarily strong initial data with the given symmetry can 
be chosen on a hyperboloidal hypersurface which lead to the complete, smooth null infinity and regular timelike infinity 
in future. From a more physical point of view these are - and most probably will long remain - the only exact solutions 
of Einstein’s equations for which one can And such quantities as angular distribution of gravitational radiation emitted 
by particles (represented by singularities) or by uniformly accelerated black holes [H. In numerical calculations these 
spacetimes have been employed as important test beds in the null cone version of numerical relativity and, 

most recently, also in the standard approach based on a spacelike initial hypersurface ^ . In the context of quantum 
gravity the boost-rotation symmetric spacetimes (as ’’generalized C-metric”) have been used to describe production 
of black-hole pairs in strong background fields (see e.g. j^). We refer to the recent review [|| of exact radiative 
spacetimes and to the comprehensive analysis of the general structure of the boost-rotation symmetric spacetimes Q] 
for more details and references on both the history and recent developments in these issues. 

Until now all work on the general properties of the boost-rotation symmetric spacetimes has concentrated on 
the vacuum case with two non-null, hypersurface orthogonal Killing vectors - the rotational (axial) Killing vector 
and the boost Killing vector. The metric of such spacetimes, in suitable coordinates, contains just two functions. It 
can be constructed starting from the appropriately behaved boost-rotation symmetric solution of the flat-space wave 
equation with sources which is satisfied by one of the functions. The other metric function can then be determined by 
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a quadrature (see Q|). In the present paper we start the systematic study of more general boost-rotation symmetric 
spacetimes. We assume that an electromagnetic field coupled to gravity may also be present; and we consider Killing 
vectors which need not be hypersurface orthogonal. Even if only one of these extensions is taken into account, the field 
equations become fully nonlinear - there is no flat-space wave equation available. The inclusion of electromagnetic field 
is also of interest because there exist the analogous features of gravitational fields due to uniformly accelerated masses 
in general relativity and of electromagnetic fields due to uniformly accelerated charges in special relativity. The study 
of boost-rotation symmetric fields within the Einstein-Maxwell theory treats both gravitational and electromagnetic 
fields from a unified point of view. 

It is known that the example of a boost-rotation symmetric electrovacuum solution with Killing vectors which are 
not hypersurface orthogonal exists - this is the charged ’’rotating” C-metric |^. Here we consider general solutions. 
Our main result is the theorem which roughly states that even under the presence of electromagnetic field and 
’’rotating sources”, the boost symmetry is the only one which can be combined with axial symmetry and radiation 
exists. However we shall also obtain other results (e.g. for the news function and total mass) some of which are new 
even in the vacuum case with hypersurface orthogonal Killing vectors. 

In the following Section H we start out from the general form of axially symmetric metric and electromagnetic field 
in Bondi-Sachs coordinates {u, r, 0, <()}, where u = const labels null hypersurfaces (in flat space u = t — r is the usual 
retarded time), r is a luminosity distance along null rays u = const, 9 = const, (j) = const, and 9, (j) are standard 
spherical angles. We consider their asymptotic expansions at r ^ oo as they follow from the Einstein-Maxwell 
equations under the assumption of asymptotic flatness. Since we wish to study spacetimes in which the axial Killing 
vector is in general not hypersurface orthogonal we cannot employ the original Bondi’s et al work ||^ but have to start 
from its generalization by Sachs 0 or, rather, from van der Burg’s |pd| explicit treatment of the asymptotic behaviour 
of the coupled Einstein-Maxwell fields in the Bondi-Sachs coordinates. Now van der Burg’s work involves complicated 
equations in which many errors and misprints appear. These do not change basic conclusions of his paper but we 
need correct forms. Therefore, in Appendix A we first summarize all Einstein-Maxwell’s equations in the Bondi-Sachs 
coordinates in general spacetime and then give asymptotic forms of their solutions under the assumption of axial 
symmetry. (All equations were checked by using MAPLE V.) The structure of the field equations (the splitting 
into twelve main equations and five supplementary conditions), the total quantities (the mass and the charge) and 
their fluxes given in terms of two gravitational and two electromagnetic news functions are briefly reviewed also in 
Appendix A. The resulting formulas are used extensively in Section H to prove the theorem which states the following: 

Suppose that an axially symmetric electrovacuum spacetime admits a ’’piece” of null infinity. If this spacetime ad¬ 
mits an additional Killing vector forming with the axial Killing vector a 2-dimensional Lie algebra, then the additional 
Killing vector either generates a supertranslation or it is the boost Killing vector. 

The theorem is proven by first decomposing the additional Killing vector field 77 “ in the null (Sachs) tetrad and 
then solving the Killing equations asymptotically in the leading terms. In order to illustrate the form of the Killing 
equations, the lengthiest among them, Cr^goo = 0, is written down in Appendix B. 

In Section HI the case of the supertranslational Killing field is considered further. By solving Killing equations 
in the higher orders in r~^ and considering also asymptotic solutions of equations = 0 (assuming thus that 

the electromagnetic field shares the same symmetry), we show that the supertranslational Killing field has in fact 
to be the generator either of translations along the axis of axial symmetry (z-axis) or time translations. Resulting 
spacetimes are non-radiative. Somewhat surprisingly perhaps, the news functions of the system need not necessarily 
be vanishing. This is not because of cylindrical waves which of course are symmetric under translations along z-axis. 
Cylindrical waves are excluded from our analysis if we assume that the local null infinity exists at 0 = 7 r/ 2 ; th ere 
are no cylindrical spacetimes which admit a regular cross-section of null infinity. (We refer to the papers for 

the study of null infinity of cylindrically symmetric spacetimes and to our forthcoming work in which the Killing 
equations will be considered in a greater detail in further orders in r~^ for translational Killing vectors.) Here we 
consider spacetimes with a straight cosmic string along z-axis which, as shown by Bicak and Schmidt [p^, have a 
non-vanishing news function independent of time. If we assume that electromagnetic field is regular at the axis of 
symmetry, only the gravitational news function is non-vanishing. We give the explicit form of the translational Killing 
vector in this case. This translational Killing vector in the case of the string has not been given in Ref. because of 
a sign error. The error and misprints appearing in are corrected in Appendix C. In Appendix D the translations 
in Bondi’s coordinates in a spacetime with a straight, non-rotating cosmic string are analyzed in detail. At the end of 
Section HI we give explicitly the asymptotic form of both gravitational and electromagnetic fields in the Bondi-Sachs 
coordinates for stationary spacetimes without a string. 

Section IV is devoted to the case when the additional Killing vector is the boost Killing vector. By analyzing 
the Killing equations in further orders in r~^ and considering also equations Cr^F^i, = 0, we discover that both 
gravitational and electromagnetic news functions must have the same functional form - they depend on u and 9 so 
that the news function = /(sin0/u)u“^, where / is an arbitrary function of its argument. We also derive the general 
form of the mass aspect and total (Bondi) mass for boost-rotation symmetric spacetimes. The mass aspect is given 
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by 


M{u,0) = 


1 


2 sin 0 




( 1 ) 


wher e w = sinO/u, K.(w) is an arbitrary function, and L(w) = X{w)/w^, where X{w) satisfies the simple equation 
(120) in the main text. X{w) can be determined if the news functions are known. The total Bondi mass is then given 
by 


m{u) = ^ [ {w'^JC,^),njd9 +1- f ^d6 . (2) 

The formulas for the mass aspect and total mass are new even in the case of hypersurface orthogonal Kil ling vectors 
studied in |^. Also, the boost Killing vector is here expanded to further orders than in Ref. (see Eq. ( |122| )). 

Let us note that in general Bondi’s news function has an invariant meaning only if null infinity is topologically 
X R. However, as shown in |Q, in axially symmetric spacetime relative to a chosen d/d(j) Killing vector Bondi 
news and translations have an invariant meaning even locally. 

Our conventions for the Riemann and Ricci tensors follow those of Ref. ||^ but our signature is —2. 

II. AXIALLY SYMMETRIC SPACE-TIMES WITH ANOTHER SYMMETRY 

Consider an axially symmetric electrovacuum spacetime with circular group orbits; denote the corresponding Killing 
vector field by djd(j). Assume that at least the "piece of X+’’ exists in the sense of |]^. Then one can introduce 
the Bondi-Sachs coordinate system | m, r, 9, cj) } = { x°, x^, x^, x^} in which the metric satisfying the Einstein- 
Maxwell equations has the form |l0yil[| 

ds^ = ^ —cosh 25 — cosh 25 — 2r^UW sinh25^du^ 

+2e^^dudr + 2r‘^{e^^U cosh 25 + W sinh 2S)dud9 + 2r^(e~^'’'W cosh 25 + U sinh25) sin0 dud<)) (3) 

—r^ \cos\l 25d9^ + sin^ 9 dcfP') + 2sinh25sin0 d9d(l)\ , 

where six metric functions U, V, W, /3, 7 , 5 and the Maxwell field do not depend on (j) because of axial symmetry. 

The complete set of the Einstein-Maxwell equations and the asymptotic expansions of the metric functions and 
electromagnetic field components at large r are given in Appendix A. We shall need these expansions, in which also 
the field equations are used, up to the following orders (all ’’coefficients’’ c, d, M, e, /, ... below being in general 
functions of u and 9) 


7 = - + 0 (r 3) , 

r 

5 = - + 0 (r- 3 ) , 

r 

U =-{c,g+2ccot9)^ + 0{r~^) , (4) 

W = -{d,g +2dcot9)\ + 0{r~^) , 

V = r - 2M F 0{r-^) . 

The leading terms in the electromagnetic field tensor are given by 

Fi 2 = ^ + (2E + + /d)^ + 0{r ‘^) , 

^13 = (^ + (2^ + erf - + 0{r-^)) Sind , 

Eoi =-^ + (e,e+ecotd)^ + 0(r“‘‘) , (5) 
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F 23 = - if,9 +/cot 6 »)i + 0(r sinfl , 

Fq 2 = X (e, 6 i —e,u )—h 0{r , 

r 

Fo3= (y-^ + O(r- 2 ))sin 0 . 

The mass aspect Miu,9) is connected with the two gravitational news functions c,u and d,u, and with the electro¬ 
magnetic news functions X and Y by the relation 

M,u = — {X^ Y^) —[ 0 , 0 $-\-3c,0 cot 9 — 2c),u ■ ( 6 ) 

As a consequence of the Einstein-Maxwell equations the electromagnetic functions e, /, e, ^ and X, Y are connected 
by the relations 


2^,9 —{cX + dY) , 

(7) 

-]^9,9-{-cY YdX) , 

(8) 

—A,e —X cot 9 , 

(9) 

-Y,e-Ycot9 . 

(10) 


The gravitational news functions enter the evolution equations for e and /. The evolution equations for functions E, 
F are given in Appendix A. There the evolution of the whole Einstein-Maxwell system is summarized and the inter¬ 
pretation of the mass and the charges of the system is recalled. Here let us only notice that both the gravitational 
news functions c,u, d,u and the electromagnetic news functions X, Y are freely specifiable functions. 

Now we wish to emphasize that we assume that Eqs. (D-® are valid for all (j) G [0, 27r), however, they need not 
to be true for all 9 G [0, tt]. Since we want to admit spacetimes with only ’’local” we assume Eqs. (||) - ( |l^ to be 
satisfied in some open interval of 0, i.e., not necessarily on the whole sphere. In particular, the ’’axis of symmetry” 
{9 = 0, tt) may contain some nodal singularities and need not thus be regular. The regularity conditions on the axis 
(which can be obtained by transforming (^) into local Minkowskian coordinates) on functions 7 , E, /3 ... need not be 
satisfied for any u. If the axis is singular then at least two generators of X'*' would be missing so that X+ would not be 
topologically x R (this is exactly the case which can occur in the boost-rotation symmetric spacetimes discussed 
in Sec. IV). 

Let us now assume that another Killing vector field 77 exists which forms together with ^ = d/dcj) a two-parameter 
group. In Ref. it is proved (see Lemma in Sec. 2) that in the case of ^ with circles as integral curves, ^ and 77 
determine an abelian Lie algebra so that we can assume [ 77 ,^] = 0. Hence, the components of 77 “ are independent of 

Introduce the standard null tetrad field with bar denoting the complex conjugation, where 

ka = daU, nYka = I, m°‘ma = 0, and the complex vector itf (subscripts R and I denoting the real and 

imaginary parts) obeys = — 1, = f^ka = f“ 7 Tia = 0. A convenient choice of the tetrad reads 


kry - 


1 , 0 , 0 , 0 


rua = 


12 


0 , 0 


I 


fct =-7’(cosh2(5) 2 (1 -I- sinh25)e^t7 + cosh2^e ^lE -I- 7[(1 — sinh2i5)e'’'t7 — cosh2^e ^lE] , 
0, —(I + sinh2(5 + 7(1 — sinh2i5))e'’' , — (I — 7 ) cosh2(5sin0e“ 

This choice indeed implies with g^i, given by i)- 

We now decompose the Killing vector field 77“ in the null tetrad, 


( 11 ) 


,7“ = Ak°‘ + Bm'^ + Cr + Cr , 


( 12 ) 


or 


r = + 5777“ + f{tl + tf) + g{tl - tf) , 


( 13 ) 


where A, B, C = Cr + iCj, f = Cr — Cj, g = Cr + Cj are general functions of u, r, 9. The Killing equations 
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^r)9a0 — 0 


( 14 ) 


can then be rewritten in the form 

0 — ^r]9af3 — -^^k9a(3 “f ^^m9af3 “t“ 2^,^^ ^0) ^/3) 

+ f[{^t9a0)R + (^tffa/?)/] + 2/,(c [tRf}) + tl/3)] (15) 

~^9[{^t9a0)R {^t9a0)l] 4 ” ‘^9i{a \^Rp) ^I0)\ ■ 


The easiest is the equation 


— ‘2e^^B,r — 0 , 


(16) 


which implies 


B^B{u,9). (17) 

In the hypersurface orthogonal case, analyzed in Ref. |^, also the equations Cri 9 o 3 = = 1 ^ 7)523 = 0 can easily 

be solved. This is not so if d/d(j) is not hypersurface orthogonal. All Killing equations other than Cr^gii = 0 become 
now com plic ated. For illustration, equation Cr/goo = 0 is written down in Appendix B; the other equations can be 
found in 

We assume that the coefficients A, /, g can be expanded in powers of r~'^ and solve the Killing equations asymptot¬ 
ically. Denoting by g^^'^ the coefficients of in the expansions, we first notice that £ 7,322 = 0, £ 7,312 = 0, 

£77313 = 0 imply 


A = A^~^'>r + -I-h 0(r“^) , 

r 

/ = /(-i)r + /W + ^-fO(r-2 ) , (18) 

r 

n(l) 

g = g(-^)r + 3^°) + ^ + 0(r-2) , 

r 

where A^, /W , g^^^ are functions of u and 9. Remaining nine Killing equations imply the conditions on functions B, 
A(^), g^^\ The procedure of their solutions is similar to that in Ref. |H (ef. Eqs. (20)-(24) therein). However, 

the equations are now more complicated and there are three additional equations to be satisfied. 

In the leading orders in r~^ the Killing equations can be written down easily (we omit equations Cr]gi 2 = 0, 
£7,313 = 0 since they do not restrict the leading terms in 3 “): 


£7,300=0 (ri): A(-i),„= 0 , ( 19 ) 

£7,301 =0 (r °) : B,u = 0 , ( 20 ) 

£7,302 = 0 (r^): /(-!),„= 0, (21) 

£7,303 = 0 (r^): g(-i),„=0, (22) 

£7,322=0 (r2): /(-i)^,+A(-i)= 0 , ( 23 ) 

£7,323 = 0 (r ^) : cot6» = 0 , ( 24 ) 

£7,333 = 0 (r ^) : cot6» -I-= 0 . ( 25 ) 


The system of equations ® - (HI), 
are thus identical, reading 


(23), (|25D is, at this order, identical to Eqs. (20) - (24) in Ref. H . The solutions 


= k cos 9 , 

= —A: sin 6 * , (26) 

B = —ku cos 9 -I- a{9) , 

where k = const and a is an arbitrary function of 9. Eqs. ( p^ and ( ^^ imply 

3 ^“^^ = hsin9 , (27) 
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where h = const. 

Regarding Eqs. ( 0 ), dH and (0) we find = h + 0{r ^). Since the contribution of h to the vector field 77 “ is 
just T]’^ = const, which is a constant multiple of the axial Killing vector d/d(j), we may, without loss of generality, put 
h = 0. Therefore, in the lowest order in r~^ the general asymptotic form of the Killing vector rj turns out to be 

77 “ = [—/cm cos 6 * + q;(6*) , krcos9 + 0{r^) , —fcsin0 + 0(r“^) , 0{r~^)] , (28) 

where k is a constant, a - an arbitrary function of 9. Thus, in the leading order of the asymptotic expansion 
the presence of electromagnetic field satisfying the boundary conditions (|^ and the fact that the axial Killing vector 
need not be hypersurface orthogonal do not change the conclusion obtained in Ref. in the vacuum case with 
hypersurface orthogonal djdcj). When fc = 0, the vector field ( p^ generates supertranslations. We shall see in 
the next section that the resulting spacetimes are then non-radiative. 

Assuming k ^ 0, it is then easy to find a Bondi-Sachs coordinate system with a = 0 by making a supertranslation 
u = u + a{9), r = r, 9 = 9, (j> = (j>, where a satisfies the equation —a,e fcsind + ak cos 9 = —a (cf. ||]). (Notice that 
no singularity arises for a even if a(0) 7 ^ 0.) We then obtain 77 “ = —kucos9. Hence, we put a = 0 in Eq. ( p^ and 
without loss of generality (buno) we choose fc = 1. Then B = —ucos9, = cos9, = — sind and = 0. 

The asymptotic form of the Killing vector field 77 is 

77 “ = [—ucosd , rcosd + 0(r°), — sind + 0(r“^) , 0{r~^)] , (29) 

which is the boost Killing vector. It generates the Lorentz transformations along the axis of axial symmetry. 

We have thus proven the following 

Theorem: Suppose that an axially symmetric electrovacuum spacetime admits a ’’piece ” of in the sense that 
the Bondi-Sachs coordinates can be introduced in which the metric takes the form i)-® and the asymptotic form of 
the electromagnetic field is given by (||). If this spacetime admits an additional Killing vector forming with the axial 
Killing vector a 2-dimensional Lie algebra, then the additional Killing vector has asymptotically the form (^^. For 
/c = 0 it generates a supertranslation; for A: 7 ^ 0 it is the boost Killing field. 

On in the coordinates u, I = r~^, 9, and (/> the boost Killing vector reads (cf. |^) 

77 /J+ = [—77 cos 0 , 0 , — sin0 , 0] . (30) 


III. THE SUPERTRANSLATIONAL KILLING FIELD 

In this section we shall show that if the Killing field (p^ for A: = 0 is the supertranslational Killing field, it has, in 
fact, to be the generator of translations and the resulting spacetime is thus non-radiative. 

Assuming k = 0, and considering the Killing equations (|l^ ) in the higher orders in than in Eqs. ( jl^ ) - (|^), 
and taking into account the metric expansions (jj), we find the following restrictions on the expansion coefficients of 


functions A, f and g: 

Cngoo = 0 (r°): = 0 , (31) 

(r“^) : A^^\u-f^°\u{c, 0 + 2 ccot 9 )-g^°\u{d,e+2dcot9) =0 , (32) 

d^vgoi = 0 ( 7 "“^) : satisfied automatically , (33) 

(r“^) : —B{cc,u +dd,u ) — BM — A^^^ + +2ccot9) + g^°\d,g +2dcot9) = 0 , (34) 

Cr,go 2 = 0 (r^): f^°\u = 0, (35) 

(r °) : + ^Byg+f^°'^c,u-cf^°\u-f^^\u-2g^°\ud= 0 , (36) 

Cr,go 3 = 0 (r 1) : , (37) 

(r °) : -g^°^c,u+g^°\uC-g‘'^\u+^f^°^d,u = 0 , (38) 

Cr,gi 2 = 0 (r°): f<-°^+B,e=0, (39) 

(r“^) : — B{c, 0 +2ccot9) + g^°^d = 0 , (40) 

Crigis = 0 (r °) : = 0 , (41) 

(r-i). gA) - B{d,e+2dcot9)-f^°'>d = 0 , (42) 
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£,,522 = 0 (ri): f(o'),g+Bc,u+A^°'> -^B = 0 , (43) 

(r °) : +B(cc,u +2dd,„ ) - B(c,e +2ccot0),e + BM + 2d(g^°\g cotO) = 0 , (44) 

£,,523 = 0 (r- ^) : 2Bd,u+g^°\e- 9 ^°'’cote = 0 , (45) 

(r °) : —2A^^^d — 4/^°^c?cot0 + B{d,e +2dcot9),g —B{d,g +2dcot9) cot 9 + Bd 

+ 5^°^ , 0 C — 5^'’^ (c,6i +c cot 9) — g^^'^ ,0 +5^^^ cot 0 = 0, (46) 

£„533 = 0 (ri): cot 9- Be,u + A^°^ -^B = 0 , (47) 

(r °) : cot0 —i3(c,e+2ccot 0) +— c ,0 

+ c(A(°) - ^B) + AA) + 2Bdd,u +BM = 0 . (48) 

First notice that Eqs. (|^), (|^, (^^, (|^, (|4l| ) and ( ^ imply 

^(0) ^ ^ f{o) ^ ^ ^ ^(0) = 0 , d = d{ 9 ) . (49) 


Using these results in the remaining equations we find 

AA) = 1 {B, 00 +B,gcot 9 + B) , (50) 

c,u = -^{B, 00 -B, 0 cot 9 ) , (51) 

u 

C= —{B,g0-B,gCOt9) +uj{9) , (52) 

ZJd 

AA)=aA\ 0 ), (53) 

= B{c,g +2c cot 9) , (54) 

g^^^ = B{d,g+2d cot 9) — B,g d , (55) 


where w(0) is an arbitrary function of 0; uj can be transformed away by a supertranslation u = u + a{9) with a 
satisfying to + {—a,gg+a, 0 Cot 9)/2 = 0. Equations ( ^ ) and ( ^ ) are now satisfied identically. Equations (^), ( |4^ ) 
and (|48| ) lead to only one further independent condition: 

M = —cc,u —B~^[A^^^ + B,g {c,g +2ccot0)] . (56) 

Important results follow from Eqs. ( ^^ and (pl|). Eq. ( ^^ shows that the news function d,u = 0. Since B = 5(0), 
Eq. ( ^l|) implies that the time-derivative of the news function c,u must vanish. Therefore, with the supertranslational 
Killing field, we arrive at the Weyl tensor (see e.g. |lH ) 

Ca 0 ^sm°‘t^nrBt^ = [(c -f id)^uu]^ + 0{r~'^) , (57) 


which is non-radiative since the first term proportional to r ^ vanishes. 

Substituting the expansion of the metric functions (^) into the null tetrad (0) and coefficients A, B, f and 5 (given 
by Eqs. (0-(§^)) into Eq. (H), we find the expansion of the supertranslational Killing vector to be 


= 5(0), -{B,gg+B,g cot 9) + [—B, 0 g—2B,g B,ggg+2B,g^B,gg B ^ — 2 B, 0 ^COt 9 B ^ 


(58) 


-f 5 , 02(3 cot 02 - 


sin 0 


)]5 — -f 0{r ) , —B,g — + B,g — -\- 0(r ) , B,g — sin0 - 1 - 0{r ) 


Let us now turn to the asymptotic properties of electromagnetic field. We assume CgFag = 0 where 5 is now 
the supertranslational Killing field (|^. From the general expression of the Lie derivative of with respect to 
general 77 “ decomposed into the null tetrad according to Eq. (|l3), 


FrjFo^g — AFj^Fo^g A,(^ hAFr^g -\- A,g F^,^^ 

+BCmFag + B,a wAF^g + B,p m^Faj 

+f[iCtF^g)R + (AFa/?)/] + 5[(£tFa/3)// - (AFa/?)/] (59) 

+ f,a {tfi + t])Fj/3 + f,g {1}^ + t])Fa^ 

Fg,a (tfl ~ ^/)F7/3 + 5)/3 (Ar ~ tJ)Fa^ , 
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and after substituting for A, B, /, and g in accordance with Eq. (^ 8 |), we find that in the first orders in r ^ the Lie 
equations imply 


BtiFqi 

= 0 

(r-2) : 

~ B + XB^g — 0 , 

(60) 

BriFo2 

= 0 

(r°): 

Ar,ii B = 0 , 

(61) 

FrjFo3 

= 0 

(r°): 

(ysin0),„B = O , 

(62) 

FjjFi2 

= 0 

(r-2) : 

e,ii B + eB,g = 0 , 

(63) 

FrjFi3 

= 0 

(r-2) : 

(/sin6»),„ B - g,sm9B,g = 0 , 

(64) 

FrfF23 

= 0 

(r°): 

— {gsm9),u B + Ysin9B,g = 0 . 

(65) 


From Eq. ( |^ ) we get X = X{9). Combining Eq. (|^ ) and Maxwell equation we get equation for X, {XB sin 0),g = 
0 , the solution being 


X = 


Xq 


xo = const . 


B sinff 

Regarding the last result and integrating Eq. (^, we obtain 

XqB . . 

e = R 2 ■ + ^ - 

B‘‘ smO 

where ei{9) is an arbitrary integration function. Eq. (^) then implies 


xoB,l 


2R3 sin 6 l 


B 


ei( 6 ») 


( 66 ) 


(67) 


( 68 ) 


where ei {9) is again an integration function. 

Analogously, using Eqs. (^), (|^), (^) and Maxwell equation & we find 


Y = 

M = 


yo 


B sin0 
ygB.g 
R2 sin0 


, 2/0 = const 
u + gi{9) , 


f yoB,l 2 , yiB,e , „ 


2B^sin9 


B 


where gi, fi are arbitrary functions of 9. 

Comparing Eqs. ( 68 ) and ( [fl| ) with Maxwell equations ( 0 ) and (^) we obtain restrictions on ei and gi. 

2eiB,e 2yod 

ei,e H-- „ . ^ = 0 


Miifl + 


B B sin 9 
2giB,g 2xod 


B 


B sin0 


= 0 . 


(69) 

(70) 

(71) 


(72) 

(73) 


Now we assume that the Killing field rj is bounded at the axis, i.e. B{9) is bounded for 6 * = 0 , 7 r and the elec¬ 
tromagnetic field (H), i.e. X and Y have to be bounded there, too. Therefore constants entering X and Y must 
vanish: 


Taking the time-derivative of Eq. (p 6 D, regarding Eqs. 
the following equation for function B\ 


The general solution can be seen to be 


xo=yg = 0 ■ (74) 

(1^), (1^), and comparing with Eq. (||), we arrive at 


sin^ 9 


1 2B 

<sin 6 l/’n 


= 0 . 


(75) 


^ / sm 0 \ C / sm f/ \ 

B = a sm 0 (---I -I- 5 sm 0 (---) 

V cos 9 + 1J V cos 9 + lJ 


sin 0 \-C 


( 76 ) 






















where a, b, C > 0 are constants. If we assume C G [0,1] then B is bounded at the axis. 

The news function is obtained from (|^: c,„ = (C^ — l)/(2sin^0). As described in Ref. |j^ and in Appendix D 
it corresponds to the news function of a string; we exclude C = 0. Function B given in Eq. corresponds to 

translations along z-axis and t-axis in the spacetime of an infinite thin cosmic string described by the deficit angle 
27r(l — C), C G (0,1]; in the weak-field limit, C = 1 — 4p,, where p, is the mass per unit length of the string. (Notice 
that /r > 0 for C G (0,1].) See Appendix D for details. 

In Appendix E, part 1, the explicit form of electromagnetic field for general B, Eq. ([z^, representing translations 
in asymptotically flat spacetimes with a straight string is given. 

If C = 1, there is no string extending to infinity. Eq. (76) gives 


B = {b — a) cos 9 + {b + a) 


(77) 


Then c,„ = 0 and from Eqs. ( ^^ and d^ ) we get 


/(o) = {b-a)sme , = -[-( 6 -o)cos 6 l + 6 + a 


(78) 


Consequently, regarding Eqs. (0), (0) and ([l^ , we find the Killing vector field 77 “ to be asymptotically of the form 


77 “ = Ub — a) COS0 + b + a , —(b — a) cos9 + 0(r ^) , (b— a) sin0 — h 0(r ^) , 0(r ^)] . (79) 

r 


We thus see that the Killing vector field generates translations: with b — a = 0 this is the time translation, with 
a + 5 = 0 the translation along the z-axis. 

Since there is no string extending to infinity, both functions c = c{6) and d = d{9) are independent of time and both 
news functions thus vanish; there is no radiation. By employing two transformations from the Bondi-Metzner-Sachs 
group, functions c and d can be transformed away. 

For an illustration let us write down the asymptotic form of both gravitational and electromagnetic fields in 
the case of the Killing vector representing timelike translations in asymptotically fiat spacetime without a string; we 
thus assume B = const and c = d = 0. The resulting axially symmetric stationary metric and electromagnetic field 
then have the asymptotic form 


ds^ = -p + 2(1 + 0(r ^))dudr + 20{r ^)dud9-G20{r ^)su\0 dudcj) 

—[(1 + O(r“^))d0^ + (1 + 0(r“^)) sin^ 0 + 20(r“^) sind d0d(/)] , (80) 

Fbi = —— +(ei,e+ei cot0)—+ 0(r ^) , 

F^2 = 0(r-2) , 

^^03 = 0(r-2) , 

= 5 + 0(r-3) , 

^^13 = h + 0{r~^) , 

-F 23 = -Ml sind - (/i smd),g - + 0(r“^) . 

r 

Using the consequence of Einstein’s equations ( |A46| ) and assuming N,u = 0 (which, as will be proven in our forthcoming 
publication, follows from further terms in r~^ in the Killing equations), we see that M,g = 0, i.e., A*^^)(0) = const. 
Constants M, ci and /ii represent the total mass, electric charge and magnetic charge, respectively. 


IV. THE BOOST KILLING VECTOR 


In this section we shall find the form of the gravitational news functions c,u and d,ii for the case of the boost Killing 
vector by expanding the Killing equations in further orders in . We shall also obtain the form of the electromagnetic 
news functions X and Y. 

We thus assume the asymptotic form of the Killing vector to be given by Eq. (p^. Expanding now the Killing 
equations (14) in higher orders of r~^ we obtain 
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Cr^gm = 0 (r °) : +B,„ = - cos 0 = 0 , 

^ 7)901 = 0 ■ satisfied automatically , 


^v902 = 0 (r 
^7)503 = 0 (r 


+A^~^\s = - sine c,u- sin6» = 0 , 
-g^^\u+ 2 f^~'^^d,u = -2sin6» = 0 , 

£^^12 = 0 (r°): /(°)-/(-i)c + B,e = /(°)+sin6»c + usin6» = 0 , 

£^513 = 0 (r°): 2/(-i)d - =-2 sin6» d - = 0 , 

-C,,522 = 0 (r ^) : +Bc,u^ c,„+ iucosd = 0 , 

^7/923 = 0 {r ^) : — g^^\gcote — 2 Bd,ucote = 

= —5^°^ ,e cot 6* + 2 m cos e d,u + 2 d cos 0 = 0, 

-^ 7,533 = 0 {r ^) : + f^~^'>{c,g+2ccote) - f^°'> cote + Be, u = 

= — ^ COS 0 — — sin 0 (c,e + 2 ccot 0 ) — cot 0 — mcos 0 c,^ = 0 . 


From Eqs. (|8l|) and we immediately get 


^ COS 0 + p( 0 ) , 


c = —u — 


f(O) 


sin0 ’ 

where p(0) is an arbitrary function of 0. Eq. is just the w-derivative of Eq. (^). Eq. (|^ ) implies 

1 


-,u - -^ (/^°^ ,e + :r cos 0) . 

u cos 0 2 


Using now Eqs. (| 


in Eq. ( p^ we find that additive function p(0) in Eq. (^) must vanish, i.e. 

^(0) _ COS0 . 

2 


Comparing Eqs. (^) and we obtain an equation for 

uf^°\u +tan0 f^^\g +2usin0 = 0 . 
This equation can be solved by introducing a new variable 

sin0 


w = 


Eq. (|94|) then becomes 

(u, w) + 2 uw = 0 , 

so that the general solution is 

= —u^w + K,{w) = —Msin0 + /C(sin0/'u) , 
where IC{w) is an arbitrary function of w. Consequently, Eq. (^ ) leads to 

JC{w) 


c{u, 0) = —- 


uw 


where w is given by Eq. (%). The news function thus reads 

IC{w), 


c,u {u, 0) = 


(81) 

(82) 

(83) 

(84) 

(85) 

( 86 ) 

(87) 

( 88 ) 


(89) 


(90) 

(91) 


(92) 

(93) 

(94) 

(95) 

(96) 

(97) 

(98) 


(99) 
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Before writing down the result for the second news function, let us compare the expression ( |^ ) with the news 
function given for the case of the vacuum boost-rotation symmetric spacetimes with the hypersurface orthogonal 
Killing vectors in Ref. ||]. There the news function is obtained in the form c,„ = F{U /sin0)/sin^ 9, where F is an 
arbitrary function oil!/ sin0 and the flat-space retarded time U satisfies the equation U,uUC 0 t 6 = U cot 9 — U,e. 
This equation can be rewritten as the equation uU,u + tan9 U,g —U = 0, the solution of which is U = A{w)u, A 
being function of w = sm9/u. We can write c,„ = F{A{w)/w)/ sin'^ 9 = F{A{w)/w)/v?) = IC,^ {'w)/v?, where 
JC,w = F{A{w)/w)/w'^. Therefore, our result (M) for the general form of the news function is in agreement with Eq. 
(59) given in Ref. ||^. 

The second news function, d,^, can be found analogously. Eq. (^) is the u-derivative of Eq. (86) which gives 


d = - 


9 


( 0 ) 


Substituting this result and d,u from Eq. (| 


ug^°\u 


2 sin 9 

into Eq. (|^), we obtain the equation for g^°'>, 
, -l-tand g^°\e = 0 , 
which in terms of variables u and w simply yields 

9^^^=9^°Hw). 

The second news function is thus given by 


d,u (u, 9) = 


2 v? 


( 100 ) 


( 101 ) 


( 102 ) 


(103) 


where g^^'^ is an arbitrary function of w = sind/u. 

In order to obtain the mass aspect and the total mass at null infinity we have to expand the Killing equations in 
higher orders in r~^. Straightforward though rather lengthy calculations lead to the following system of equations (in 
which A^~^\ B, f^~^\ c and d are already known but are left unspecified for the sake of compactness): 


^v9oo = 0 (r ^) 
-^,,301 = 0 (r"2) 


A^^\u ~B,u M + {cc,u+dd,u+M) — 

- {d,e -f 2 dcot 0 )( 5 ^°\„ -2f^~^^d,u ) - (c,e -h2ccot6 >)(/(°\„) = 0 

(c,e +2ccot9){f^°^ - - f^~^\dd,g +cc,g ) 

- (c^ + d^) - A^^'> - BM - B{dd,u +cc,„ ) = 0 , 


Br,gQ 2 = 0 (r^): ^\cc,u+2dd,u) -+2ccot9),0-f^ ^\e (c^g+2ccot9) 


Br,9o3 = 0 (r °) : 

^r, 5 l 2 = 0 (r"^) 

Br/gis = 0 (r"^) 

Cr,g 22 = 0 (r °) : 

Br,g 23 = 0 (r °) : 


+ +-B,g c + -/(!),„ -2dg^°\^ = 0 , 

+g^°\u c - g^^\u +2f^°^d,u +2f^~'^\2dc,u -cd,„ ) 

— f^~^\d,g +2dcot9),g —/^“^^((i,e -|-2dcot 0) cot 0 = 0, 

2/(1) - 2B{c,g +2ccot9) - + 2d^) + = 0 , 

5 ( 1 ) - B{d,g +2dcot9) - d(/(‘’) -h /(-^^c) = 0 , 

2d{g^°^ ,g cot 9) + -t ^ot 9 + + BM + ,g 

+ B(2dd,u +cc,u ) - B{c,g -|-2ccot 9),g = 0 , 

—2yl^°^d -I- Bd + 4/^“^^d(c,e -|-ccot0) — 4/^°^dcot0 
-I- 5 *^°^ ,gc- 5 *^°^ {c,g +c cot 9) - g''^^ ,g +g^^^ cot 9 
+ B{d,g +2dcot9),g —B{d,g +2dcot9) cot9 = 0 , 


£^^33 = 0 (r°): A^^'>-A^°'>c+^Bc+^A^-^\c'^ + d'^) + BM-f^-^'>d'^cot9 

+ 2f^~^'^d{d,g +2dcot9) — B cot 9{c,g +2ccot9) + 2R(cc,„ -|-dd,i,) 

-I- cotd -I- (c,e +2ccot9){—f^^^ + 3/^“^^c) — ccot0(/^°^ -I- ^/*'~^^c) = 0 . 


(104) 

(105) 

(106) 

(107) 

(108) 

(109) 

( 110 ) 

( 111 ) 

( 112 ) 
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( 113 ) 


Substituting for c, d and 5 ^'’^ from Eqs. (|^), (|100|) and (102) into Eqs. (108) and (10£) we obtain 


/(!) = 


1 


4sin0 


(—2/C^ + + u cot^ 0{IC,w w + K.) 


and 


„(i) = “„(o) _ ^ 

^ 2^ Sind 


■ cot^ 0{g^°\w w + . 


(114) 


Using the re sults for B, ... already obta ined, we find that Eqs. (1^), (IW) and (144) are just identities; 

Eqs. ( |110| ), (112) become also id entit ies if Eq. (105) is used. 

Comparing the remaining Eq. with the M-derivative of Eq. (|l05| ), we finally arrive at the equation for the mass 

aspect M: 


uM,u + ta,n9M,g +3M — utand(c,e +2ccotd),„ = 0 , (115) 

where c,„ is given by Eq. (|^). This equation can be solved by the substitution ( ^5| ) to yield 

M(u, 0) = —{IC,ww w + 2/C,u)) H-, (116) 

ZU U'^ 

where C{vj) is an arbitrary function of w. Substituting M into Eq. (105) we obtain function in the form 

= cos9{^K,,ww w + 21 c,w +—) - ( 4 /C^ + . (117) 

V 2 wZ 8 sm 9 \ J 


The last expression for M can be written as 


M{u, 9) — , (w /C,u, ),u, + g • 

2 sm 9 

Comparing this form of M{u, 9) with the consequence of Einstein’s equations (||), we find 

X{w) 


L{w) = 


w 


,3 ’ 


where A has to satisfy the equation 


A(ui),u, — rc^(/C,^ +1?^ + — - — {w^K.,ww ),w ■ 

4 2w 


(118) 


(119) 


( 120 ) 


Here, K, and ( 7 ^°^ determine the gravitational news functions, c,u and d,^, by rela tion s (|^ ) and (1^), £ and B 
determine the electromagnetic news functions, X and Y, given below by relations (1^) and (|l30| ). Hence, solving 
t he l ast equation for A for given /C, g^'^\ £ and H, we find C(w ) an d thus the mass aspect M{u,9) in the form of Eq. 
(118). The total mass at is then given by integrating Eq. (|ll 8 |) over the sphere: 


1 1 1 P^ inC. 

^(■a) = o / M{u,9)sm9d9 =- {w^K,,w),w d9 + - / -^d9 . 

2 7o 4 U 2 do 


( 121 ) 


Substituting the expansions of the metric functions, Eq. ffl ), into the null tetrad, Eq. and coefficients A, B, f 
and g, Eqs. (|^), (^), (^^, (1^), (|102| ), (113), (114), (|116| ), (117), into Eq. (^, we find the expansion of the boost 
Killing vector to be 


ry'^ = 


cosd , rcos9 + ucos9 + cos9 +—) - + 0{r ^) , 

V wJr 


—u 


— sin0 — Msind - + ucsind i + 0 {r ^) , ud + 0 {r ^) 


( 122 ) 


It can easily be seen that the boost Killing vector generating Lorentz transformations along the z-axis in Minkowski 
space, = [z , 0 , t , 0], in { m, r, d, (() } coordinates reads = [—rtcosd , r(l + u/r) cos9 , — sin0(l + u/r) , 0] 
so that both vectors differ only in terms proportional to /C, c and d. 
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Let us finally turn to the asymptotic properties of the electromagnetic field which now is assumed to satisfy 
^r]Faf 3 = 0, Eq. (1^), where 77 is the boost Killing field ( |l22|) . The first orders of these equations read 


BrjFoi = 0 

(r- 2 ) : 

cos0(tan0e,e +Me,„ +2e + Mtan0A) = 0 , 

(123) 

£-nFo2 = 0 

(r°): 

— cos0(tan0A,e +uX,u +2X) = 0 , 

(124) 

F-qF^Z = 0 

(r°): 

— cos0[tan0(U sin0),e -\-u{Y sin0)„i +Y sin0] = 0 , 

(125) 

FqFl2 = 0 

(r- 2 ) : 

— cos 0(tan 9e,g +ue,u +2e — u tan 0e) = 0 , 

(126) 

FqFlz = 0 

(r- 2 ) : 

— cos0[tan0(/sin0),e +M(/sin0),„ +/sin0 + utan 0 ( 77 sin0)] = 0 , 

(127) 

FqF2Z = 0 

(r°): 

cos0[tan 0 ( 77 sin0),e +u{psin9),u + 77 sin0 + Mtan0(ysin0)] = 0 . 

(128) 

Using again variable 

w given by Eq. (|^, Eqs. (|l24|) and (|125D can easily be solved to yield 





(129) 



Y(u.S) = , 

u sin 6 

(130) 

where functions F(w) and B{ 
into Eqs. (|l23|) and (|128[) we 

w) are arbitrary integration functions and B{w) = B(w)/w. Substituting these results 
find 



£{w) F{w) 

e= -^cot 0 + —V- : 
u 

(131) 



B{w) „ C{w) B{w) „ C{w) 

// — . cot 6 . — cot 9 9 j 

sin 9 u sin 9 u 

(132) 


where functions F(w) and C(w) are arbitrary integration functions and C(w) = C(w)/w. Then the solution of Eqs. 
(|l 2 ^ and dT^) reads 


2 u 


2 sin 9 sin 6 


usin9 


B{w) , C{w) , f){w) 
—-1-cot 9 H-^ 


(133) 

(134) 


where Q{w) and are again integration functions and 'D{w) = V(w)/w. Comparing Eqs. (|123| ) and (1^) with 

Maxwell equations (^ and and using previous results, we get equations for F(w) and C{w): w + 2T = 0 

and C,u, w + C = 0. Their solutions are 


J- = —- , I = const , 


C = 


P 


p = const . 


(135) 

(136) 


Since w = sin 0/m, the regularity of the electromagnetic field i mplie s I = p = 0 . 

Finally, comparing Maxwell equations ( 0 ) and (||) with Eqs. ( |126| ) and ( |127| ), we get restrictions on functions 'D{w) 
and G{w) in the form 


£,yj w — £ + 2w‘^(Q,w w + 2Q) + 2w£IC + = 0 , 

-{B,n, w-2B) + 2w‘^{V,^ w+V)- 2 wBK: + w^g^°'>£ = 0 . 


(137) 

(138) 
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APPENDIX A: THE EINSTEIN-MAXWELL EQUATIONS 
IN THE BONDI-SACHS COORDINATES 


In our convention (see the end of Introduction) the Einstein-Maxwell equations read 

= 0 , 

where the electromagnetic stress tensor is given by 

“ ^9p,uF<ypF'^’’) , 


and = i? = 0; the Maxwell equations are 


GfiuX — '^[/iiy,A]cykl. 0 , 

JP ^ ppU ^ Q ^ 


(Al) 


(A2) 


(A3) 

(A4) 


In paper 1^] the tensor E^i, = A-kT^i, is introduced; however, the field equations ( |A1| ) are erroneously written 
without the factor 2 at This can be ’’cured” by considering F^,y(Burg) = '\/2T)jj,(reai)• Following [|ll[, eighteen 

equations ®,(|Al) and ( [A4| ) can be divided into twelve main equations, one trivial equation, and five supplementary 
conditions. The main equations are 


K^^ = Ai 2 = Xi3 = K 22 = K 23 = A 33 = 0 , (A5) 

Gi23 = G 012 = Goi 3 = 0 , = 0 . 


If these are satisfied, then also 


Aoi = 0 . (A6) 

The only further equations to be satisfied are the supplementary conditions 

{r^Koo),r = {r^Ko 2 ),r = {r'^Ko3),r = 0 , (A7) 

Fr023^r — 0 5 J — 1^ 7 

which imply that r^{KoQ, K 02 , Kos), G 023 , and are functions of u, 0, (j) only. 

Since in all Einstein equations contain errors due to the factor 2 mentioned above, and equations (5), (6), (7), 
(14), (15), (17), (18), (19) in contain additional errors, we write all field equations explicitly here (we checked 
them by using MAPLE V). Starting from the metric of the form (^ we find that the main field equations are (denoting 
ch = cosh2i5, sh = sinh25) 


= 0 : (A 8 ) 

(3,r = ^ (^7,r ch? + ( 5 ,^ ^ ^ (^e~'^'^chF^2 + c^'^chFf^ csc^ 9 - 2shFi2Fi3 esc , 

2r‘^Ki2 = 0 : (A9) 

{r 4 e- 2 / 5 (e 27 c/^^ ch + W,r s/r)},r = 

= 2 r^|/ 3 ,re -^/ 3 ,e +2S,rS,ff -4j,rS,g shch - (7,^^ +27,^ cot 6 - 27,^ 7,g )c/i^| 

+ 2 r^e^^ CSC 6>| - 5 ,^ 0 -2S,r 7,0 + 27 ir (1 + 2sh‘^) + (7,^.^ +27,^ 7,^ )shch'^ 

— 4 r^e“^^(Foi — UF12 — WFi3CSc9)Fi2 — A{shFi2 — chFi3CSc9)F23CSc9 , 

4 ^X 13 = 0 : (AlO) 

Sin 0 

|r'*e“^^(e“^’^W,r ch + U,r s/i)|,r. = 2 r^e“^’^| — 5,re +26,r "f,9 —2d,r cot 9 

- (7,re +27,r cot 9 - 27,r 7,e )shch - 2j,r 6,0 (1 + 2 s/i^)| 
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~t“ 2r CSC 0 ^“1“ 2 ( 5 , 7 - 5,,^ “t“4^, 7 - (5,,^ shch {pj , 7 -^ ■!“2^, 7 - )c/i ^ 

- 4r^e“^^(^oi — C^-Fi 2 — M^-Fis csc 0 )Fi 3 csc 6 i — 4 (e“^'’'c/iJ^i 2 — s/iJ^ia esc0)^23 csc 6 i , 

ie^^|(e“^^iir 22 + e^'^'ese^ 0 X 33 ) 0/1 — 2 CSC 0^235^1= 0 : (All) 

V, 7 - = 2e ^ CSC (/ 3 ,g 0 +/5,e P,<f> +2(5,g 5,^ )s/i + (S,gi/> +5,^ cot 0 + 5,e " 7,0 —7)S 5,^ +5,g f3,^ +/3j6> 5,^ )c/i 

- I (/5,ee +/5,e +/3,e cot 0 + 27 ,^ +26,1 -1 - 7,00 - 87 ,^ cot 0 - 2/3,^ 7 ,e )c/i 
+ ( 5,00 + 35,0 cot 0 + 2 / 3,0 5,0 - 47,0 5,0 )s/i| 

_ +/ 3,0 + 27,0 +25,0 + 7,00 + 2 / 3,0 7,0 )ch + ( 5,00 + 2 / 3,0 5,0 + 47,0 5,0 )s/i|csc^ 0 

- ^e-2^{(e2'^[/,2 +e-2''l+,2 )c/i + 2U,r W,r shj 

+ ^irU,r9 +rU,r cot 0 + 4[/,0 +4/7cot0) + ^ csc 0 (rl+,r 0 +41+,0 ) 

- - C/F 12 - 1+Fi 3CSC0)]2 + (X3csc0)"} , 

^e2^(e-2'>'X22 - e2T'X33 csc^ 0) = 0 : (A12) 

4r 

(r7),ur ch + 2 r( 7,77 5,^ +5,„ 7 ,^ )s/i = ^( 7 ,^ V,r + 7 ,rr 4^ + -l,r v)ch + 27 ,r 6,rVsh 

2 r 

+ ^e-2/5(e2^C/,2 -e- 2 W ,2 ) + le 2 (/ 5 -A(/ 3 ,,, +/ 3,2 -/ 3,0 cot 0 ) 

- +P,l) esc^ 0 + ^e 2 ^(/ 3,0 5,0 -/ 3,0 5,0 ) esc 0 
+ CSC 0 |(C/,r 0 +-/ 7,0 )s/i + 45,r / 7,0 c/i| 

-^e- 2 '^{(l+, — l+,r cot 0 + -l +,0 -- 1 + cot 6)sh + 45 , 7 . (l +,0 — 1 + cot 0 )c/l| 

- i(r/ 7 ,r 0 + 2 / 7,0 —rU,r cot 0 — 2/7 cot 0 + 47,0 /7 

+ 4 r 7 ,r 0 U + 2 r 7,0 /7,r + 2 r 7 ,r U,g +2rj,r U cot 6)ch 

- r{6,r U,g + 27 ,r 5,0 U + 25 , 7 . 7,0 U — 5,rU cot 9)sh 

+ i CSC 9{rW,r4, +21A,0 -47,0 1+ - 4r7,r0 W - 2r7,0 W,r -2rj,r l+,0 )ch 
+ r CSC 0(5,r l +,0 -25,7- 7,0 1+ - 27 ,^ 5,0 W)sh 

- l{ 2 (e- 2 T'+ 02 Ai 2 - e"'>'Fo3-Fi3 esc^ 0 ) - csc^ 0 ) 

- 2(e"2'^l+Fi2 + e^^UFis csc0)+23 csc 0 | , 

^e^^|(e“^^X22 + e^'*'CSC0X33)5/1—2 CSC0X23c/i|= 0 : (A13) 

l^T shch = -(5,r V^,r -\-S,rr V + -(5,^ V — 2^,1 VshcK) 

2 r 

3 

+ y e-2/5|(e2'r[/,2 +e- 27 H ^^2 ^ 2/7,, l+„ c/i} 

- +/^>e -/ 3,0 cot 9)sh - (/3+7 +/34 esc^ 0 

- -e^^{-/3,g,p -13,0 / 3,0 +/ 3,0 cot 0 + / 3,0 7,0 -/ 3,0 7,0 )ch esc 0 

- ^|25„0 U + - 5,0 /7 + 5 , 7 . U ,0 + 5,0 U,r + 5 , 7 . U cot 0 — 27 ,, (/ 7,0 —/7 cot 0 + 27,0 U)shchj 
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- ^ CSC e\25,r^ W + W + S,r W,^ +S,^ W,r +2j,r (W,^ -2j,^ W)shch^ 

— {w,r 9 — W,r cot 9 + -W,e —-W cot 9 — 47 ,^ {W ,0 —W cot 9)ch^\ 

4 1 r r J 

r 2 

- CSC 9{U,r,j> +-U,4, + 47 ,r- U,^ ch?) 

— ^|2(c/iFo2 — e'^'^shFos csc 9 )Fi 3 esc 9 — 2{e~^"^ shFo 2 — cHFqs csc 9 )Fi 2 
+ -VshFi 2 + shFi^ csc^ 9 — 2 chFi 2 Fi 3 esc 9) 

+ 2 [U{chFi 2 — e^'^shFis esc 9) + W(e~^'^shFi 2 — chFis csc0)]^23 esesj , 


Gi23 = 0 : (A14) 

F23,r = Fl3,e—F i2,^ , 

Goi 2 = 0 : (A15) 

Fo 1,9 = Fo2,r—F i2,u , 

Goi 3 = 0 : (A16) 

Foi,(p = Fq3^j- Fi3^u ) 

^2g2/3 jO ^ Q . 

{r2e-2^(Foi - GF 12 - WFi3 csc 0 )}„ = 

= — csc^l sin0(e“^'^c/iFi2 — shFi 3 csc0)|,6( + csc 9 {shFi 2 — e^^chFi 3 esc9),^ , 

^2g2/3 J2 ^ Q . 

chFi 2 — shFi 3 csc0),u +(e“^^c/i ^02 — sHFq^ csc9),r = 

= |r2e"2^G(Foi - UF 12 - WF 13 esc 9) 

+ — (e~^'^chFi 2 — shFi 3 esc 9) + (e~^'^chW + shU)F 23 esc ,r 

r J 


— CSC 6*1 VF(e ^^chFi2 — shFis csc 9 ) + U{shFi2 — e^^chFi3 csc 9 ) + ^e^^F23 csc0|,0 , 

r 2 sm 6 »e^^j 3 = 0 : (A 19 ) 

{shFi2 — e^^chFi3 csc0),„ +(s/iFo2 — e^'^chFos csc 9 ),r = 

= -^r^e-^^W{Foi - UF12 - WF13 csc 9 ) 

— —{shFi2 — e^'^chFi3 csc 9 ) — (e^^chU + shW)F23 cscflVr 

r J 

— I0/1^12 — shFi3 csc 9 ) + U{shFi2 — e^'^chFi3 csc6*) H— F23 csc6*|,6i . 

Since we assume the axial symmetry, hereafter we put all derivatives d/dcj) equal to zero. 

Now following |^, we assume functions 7, 6 , F12 and ^13 to have the expansions at large r on a hypersurface 
M = uq of the form 


7 = - + 1 
r 


(A20) 

s = - + 

r 

(H_id» + ic»<i)l + | + 0 (r-=). 

(A21) 

Fi 2 = 4 + 

( 2 A + ec + /d)^ + 0(r-4) , 

(A22) 


+ ^2F + ed— fc^ ^ + 0 (r“'*) j sin 0 , 

(A23) 


where c, G, d, ... are prescribed functions of 0 on it = uq- This corresponds to the outgoing radiation condition and 
the absence of logarithmic terms. (We thus do not consider polyhomogeneous null infinity of Ref. |^.) Then twelve 
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main equations determine the other eight functions /?, U, V, W, Fqi, F 02 , id )3 and u-derivatives of the four prescribed 
functions 7 , 6, F 12 and F 13 on the hypersurface u = uq. Denoting by iV, P, M, e, fj,, X and Y arbitrary functions of 
0 on M = Mo, we find 


and 


P =+ 0{r-*) , 

4 

U = -(c,g +2ccot0)^ + ^2N + 3(cc,g +dd,ff ) + 4(c^ + d^) coto'j ^ 

+ ^ ^ 3 (C ',0 +2C cot 9) — 6{cN + dP) — 4(2c^c,e Ycdd.g +c,e d^)^ ^ 

+ ^ (- 8 c(c^ + d‘^)cote + 2(ee - //i)) ^ + 0(r~^) , 

W = -{d,e +2dcot9)^ + ( 2 P + 2{c,g d - cd,g ^ 

+ ]^{3{H,e +2H cot 6) + {cP - dN) - 4:{2d^d,g +cdc,g +<?d,g ^ 

+ i (- 8 d(c^ + d^) cot 0 + 2 (^e + e/)^ ^ + 0(r~^) , 

V = r — 2M — (^N,g +N cot 6 — + d^)j - 

— ^—(c,g +2ccot0)^ — (d,g +2dcot9)^ — (e^ + /j^)^ - 

— ^(^C,gg +3C,g cot 9 — 2C + t!>N{c,g +2ccot0) + 6P{d,g +2dcot9)^ ^ 

— i^4(2cc,g +3c,e dd,g —cd,l ) + 8(2c,e d? + 3c^c,e Ycdd,g ) cot 9^ ^ 

— i^l 6 c(c^ + d^) cot^ 9 + 2 e(e ,0 +ecot0) — 2^{f,g +f cot9)^ ^ + 0(r“^) , 

For = + (e,g +ecot 6 *^ ^ + 0{r~*) , 

F 23 = (^-d - (^f,g +/cot 6 »^ i + 0 (r“^)^ sin 6 » , 

Fo 2 = X + ^e,g —e,u ) “ ~ ([F + 2 f d)\,u F — {e,g +e cot d),g^ ^ + 0{r ^) , 

Fo 3 =(y-^- ([f’ + i(ed - /c)],„ ) ^ + 0(r-3)^ sin 0 , 


2p 

2 /,„ 

4F,„ 

4F,„ 

4C,„ 


4F,„ 


4F,„ 


e,g -2(cX + dV) , 
-^,g-2(-cV + dX) , 


-(^+2 cot6i) - cot 9^ e + 2(ce + dfi) 

2(c^ — cf )c,u +4:dcd,u +2cM + d(^-^ + cot 9^ {d,g +2dcot9) 

+ fY) , 

d 

—2{(? — d^)d,u +4(icc,„ +2dM ~ + cot {d,g +2d cot 9) 

-[■^-cotl!)p + 2{eY + fX) , 


f d 

(^+3 cot 


- - 2 cot 6 ») C + 2(cfV - dP) 


(A24) 

(A25) 


(A26) 


(A27) 


(A28) 

(A29) 

(A30) 

(A31) 

(A32) 

(A33) 

(A34) 

(A35) 

(A36) 

(A37) 
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(A38) 


2/9 \ 2/9 \ 


-^c{e^ + ^i^) + ^{EX-YF) 


AK = 


f- 

\de 

2 


I / a 
3 


3 cot 6 
9 


— cot 9] f — 


Y— - 2 cot 6 »W + 2(cP + dN) 
\o9 y 


__rf(e2+^2) + _(FX + ri?) . 


In order to simplify the last equations one can, following pl|, introduce ten new quantities 


c* = c + id , 

C* = C + iH , 

D* = D + iK , 

N* =N + iP , 

M* = M + i^ + cot {d,g +2d cot 9) , 
Ep = -pcot6 ») , p = -3,-2... 2 , 


X* = X + iY , 
e* =e + if , 
E* = E + iF , 
e* = e + ip , 


in terms of which equations (A32)-( A39) become 


2 e*,„ = -Coe* - 2c*X* , 

4A*,„ =-C. 2 {C,e* -2c*e*) , 

AC*,u = 2c*‘^c*,u +2c*M* + CiN* + 2e*X* , 

4D*,u = -C- 3 {C 2 C* + 2c*N*) + ‘^e*Cie* - ^c*e*t + ^E*X* . 


The supplementary conditions (^) have the form 


M,u =-{c,l+d,l) - {X^ yY"^)+ ^{c,ee+^c,ecot9-2c),u , 

3N,u = -M,0 -2c(^ + 2 cot 6»^c,„ -2d(^-^ + 2 cot 
-(cc,„ ),g-{dd,u ),e -2(eA + pY) , 

^P,u = + e^ot9"j {d,e +2dcot9) + 2c(^^ + 2cot6»^d,„ -2d^^ + 2cot6»^c,„ 

~t”(cd,2/ ),0 (dc,^ ')jQ 2(eT //A) , 

e,u = -X,0 -Xcot9 , 
p,u = -y,e-Y cot 9 , 


which in terms of quantities (A40) simplify to 


M*,u =-c*,uE,u-X*X* + ^C.iC.2C*,u , 

3N*,u = CoM* + 2 c*C-2C*,u YCo{c*c*,u ) - 21*X* , 
e*,„ =C.^X* . 


(A39) 


(A40) 


(A41) 

(A42) 

(A43) 

(A44) 


(A45) 

(A46) 

(A47) 

(A48) 

(A49) 


(A50) 

(A51) 

(A52) 


The structure of the field equations is thus following. Nine functions 7 , (5, F 12 , F 13 , M, A, P, e and p are prescribed 
on an ’’initial” hypersurface u = uq, and four functions c,„, (i,„, X and Y have to be prescribed for all u. Then the time 
evolution of gravitational and electromagnetic fields is fully determined. Functions c,^ and d,u are the well-known 
gravitational news functions, functions X and Y — the electromagnetic news functions. Non-vanishing news functions 
d,u and Y correspond to a ’’rotation” of a radiating source. In vacuum spacetimes with hypersurface orthogonal 
Killing vector d/dfi we find d = 0. 

The total mass of the system at a given retarded time u is defined by 
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[ M{u,0)sm9d9 . 

2 Jo 


(A53) 


(Notice that the definition of the total mass given in is different; for example, in the Schwarzschild case it gives 
'iTTmschw.') The time derivative of the total mass is equal to 


=-- / {c*,uC*,u+X*X*)sm9d9 
2 Jo 

= < 0 . 


(A54) 


Hence, if any of the news functions is non-vanishing, the waves are radiated out and the mass of the system necessarily 
decreases. 

There exist two quantities which are always conserved: 


d 


1 


du Jq 2 


' sin 9d9 = 0 . 


(A55) 


These are ’’the electric” and ’’magnetic” charges of the source. 

The rate of loss of the electromagnetic energy radiated out from the system is given by 


2 du , 


X*X*sm9d9 , 


(A56) 


which also implies the loss of mass as seen from Eq. (A54). 


APPENDIX B: THE KILLING EQUATION 

For an illustration we write down the expression for the Lie derivative component Cr^goo = 0, where the metric has 
the form (||) and the vector rj is given by Eqs. (|l|), (|T^): 


^vdoo — — 


= -37-2/3 


2r3(2ch^ 

2r^{2ch^ - [-\/2c/i2 - le3'(2A,„ r-h Ve^^) 


— 2e^^{2g,u shch + /,„ )Ur^ — {2chJ — l)2r^g,u W 
+^4r4g2(/3-h7) \w{2ch'^ - 1) -t 2C7shcAeH [25,u shch - {2ch^ - 1 ) 7 ,„ ] 

+f2re^<^ 2r^W{2ch^ - lf(2W5,e shch + {2ch^ - l){W,e +'y,e IE)) - {2ch'^ - l)^(U,e +2[3,e V) 

+Ar^e‘^'*i2ch‘^ - 1) (^{2ch‘^ - lfUW5,e +{‘^ch^ “ l)shch{U,e W + UW,0 -f 21 E 7 ,„) -h 1E5,„ ) 

+217r3eE [{2ch'^ - lf{U,e +t/ 7 ,e) + {2ch^ - l){2{2ch^ - 1 )^ - 1 ) 7 ,, 

-I- 2US,0 shch{2chJ — 1)^ -|- 25,u shch^ 

+A2r‘^e^{2ch‘^ - 1)5 2r^w({2ch'^ - l){-rW-i,r +W + rW,r ) -f 2rW5,r shch'j 
+2r^l7e^^ ^(2ch^ — l)(rUj,r +1/ + rU,r ) + 2rU5,r shch}j + -f— — 2V(3,r -|-4r/3,„ ) 

+4r^e^^(^i2ch^ - l)rUW5,r +shch{rU,r W + 2UW + rUW,r )) 

+Be'^^+^2ch^ - l)i (^Vr(V,r -^V + 2E/3„ ) - -2Ur'^{2f3,0 V + V,0 )) 

+2r^e^^(^(2ch^ - 1)(2U\(U,0 +Uj,0 + 7 ,, ) - + U,r +U-f,r )) + 2U\shch{2U5,0-^5,r +25,u )) 
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+Ar*e‘^^ {uW{2ch^ - 1){-V5,r +2Ur5,e +2r5,„ ) 

+ shch{-V(U,r W + UW,r +^UW) + 2Ur{U,0 W + UW,e ))) 
+r^(^(2ch^ - l)2W(-2rj,u W -^{W + W,rr - Wj,r r) + 2Ur{W,g - 7,9 W)) 


+ 4W‘^shch{2UrS,e-VS,r +2r6,^ 


= 0 . 


The Killing equation Crjgoo is the lengthiest among all Killing equations CriQ^v = 0. 


APPENDIX C: CORRECTIONS OF KILLING EQUATIONS GIVEN IN REF. [2] 


In paper Q a number of misprints appear, and there is also a sign error which does not change the conclusions 
of the paper but makes wrong Eqs. (53)-(57), including the pathological solution given by Eq. (57) for ry". Below 
we give the correct forms of all equations from Q| in which a misprint appears. Eirst we give the correct forms of 
erroneous Killing equations from Appendix in [p. These are (notice that functions /, 5 in are denoted as /, g in 
the present paper): 


Cr,gn = (2/r-ie-'^ + 2BU) + +Ue^{rf,r -f - fn,r ) (Cl) 

+Ur^e'^^BU,r+(^A-^BVe‘^l^yr+^B,rVe'^^ , 

£,,311 = 2e^^B,r , (C2) 

£» 75 i 3 = e“^ sin e{g - gr-f,r -rg,r ) + e'^^B,^ , (C3) 

£r/522 =-2re'>' f,g+rBe'^'y,u+BUre'^'y,g+Bre'*U, 0 +e'*(^Ae~‘^f^-^BV^{l + rj,r) ■ (C4) 

In the main text in the following equations contain misprints and are here corrected: 

Eq. (34) : B,„+2A(o),„=0 , (C5) 

Eq. (46): f^^\g+B,ggc + A^^'^-c{A^°^-^B)+BM-B{c,e+2ccot0),g = O, (C6) 

Eq. (47) : cote+ B,g { 0 , 0 +c cot 9) + c{A^°^ - ^B) + A^^^ + BM - B cot 6 {c,g +2c cot 6) , (C7) 

Eq. (48) : [B,g cot 9 + Be,u-{A^°''- ^B)]c = 0 . (C8) 


As with Eq. (48) in [g (which contains a sign error), the correct equation (^) implies that either c = 0 or 
the expression in the square brackets has to vanish. The first possibility gives vanishing news function and leads to 
translations. The second possibility leads to 


— '^{B,gg +B ,0 cot 9 + B) , 


(C9) 


i.e. to Eq. (|50| ) of the present paper. As it is shown below equation (M) in the main text, this case corresponds to 
the translational Killing vector under the presence of a straight cosmic string along z-axis. 


APPENDIX D: TRANSLATIONS IN SPACETIMES 
WITH A STRAIGHT COSMIC STRING 

In this Appendix we show that function B in Eq. ( fz^ ) corresponds to translations along z-axis and t-axis in 
the spacetime of an infinite thin cosmic string. Let us first recall some results from Ref. 0 - The metric outside a 
straight non-rotating cosmic string along z-axis can be written in cylindrical coordinates as 

= dt^ — dp^ — dz"^ — C^p^dfj)^ , (Dl) 
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where (j) G [0,27r) and C G (0,1] is a constant. (Eq. (Dl) represents also the asymptotic form of the metric 
corresponding to a spatially bounded system and the cosmic string along z-axis.) Introducing spherical flat-space 
coordinates {R, d, (j)} hy p = i?sind, z = Rcosi!}, (f) = (f), and flat-space retarded time U = t — R, we get 


^ ^jj2 2dUdR - R^{dd‘^ + sin^ ) . 


(D2) 


We can now go over to Bondi’s coordinates {u, r, d, (f>} - in which the metric has asymptotically Bondi’s form - by 
assuming expansions 


U = n {u,e) + 0{r-^) , 
R = q{u, 9)r + 0{r°) , 
d = T {u,d) + 0{r~^) . 


(D3) 


Comparing then the resulting metric with the general form of Bondi’s metric one obtains the expressions for functions 
n, q, T, ... (see [Q for details) and the expression for the news function c,„. Here we need only the following results: 


sin 6 » o 1 

9 ■ q ) T,e=±- 

C sm w q 


and the news function is 


C,7i - 


C 2 - 1 
2 sin^ 9 


Taking the 0-derivative of q, using = il/g, and excluding the original flat-space d, we obtain equation 


q,l —2qq,0 cot 9 -\-q^{ cot^ 9 - ^ ) + 1 = 0 , 

V sin ^ / 


which implies 


The solution is 


q,e = q cot 9 ± 


sin^ 9 


- 1 . 


9 = 


sin 9 


/ sin 0 \ C / sin 0 \ 

2C L\ COS0-I-1/ \ cos 0-I-1 / 


-Cn 


, X = const . 


(D4) 


(D5) 


(D 6 ) 


(D7) 


(D 8 ) 


Consider now translations along z-axis and t-axis. In coordinates {t, p, z, (j)} they have the form = [0, 0, oq, 0] 
and = [ 6 o, 0 , 0 , 0 ], with ag and bg constant, so that their general combination is just 
The asymptotic form of this linear combination in Bondi’s coordinates reads 


C(“) + C(“) - ^o9 + -^ sin^ 6 '(^) ,e +0(r i) , 


C(z)+C(t) = - 9 ^ + l) + (-q,ff^ +q^ + I)(qcos9-q,ffsm9) + 2q,0sm9 + 0(r 

bgq,e ag 

r Cqr 1^ 


C(% + eft) - 


2 Cg 2 C 

9,0 (geos 0 — sin 0 ) — sin 0 -fO(r“^), 


(D9) 


C(.)+C(b= 0 - 


Substituting for q from Eq. (D 8 ) we obtain 


_ _ sin0/ sm9 , sinW / sm9 \ - , , 

-C(6o - ag)x~^ 


sin 0 


sin 0 


sin 0 


-C 


= sin 0 


sin 0 \^{bg+ag)x^ 


/ sm 9 \ 

V cos 0 -I- 1 / 


2C 


-I- sin 0 ^ 


sin 0 


cos 0 - 1-1 


2C 


(DIO) 
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and similar expressions for and these are somewhat lengthy and are thus not written here 

explicitly. Comparing now the last results (including those for and + Cp)) with a general asymptotic 

form of the Killing vector representing a supertranslation, i.e. with Eq. with B given by Eq. (fz^), we find that 
this Killing vector is just equal to C(% + Cp) if the constant parameters are related by 


a = 

b = 


{bo + ao)x^ 

2C 

{bp - ao)x~^ 
2C 


(Dll) 

(D12) 


Therefore the supertranslational Killing vector is in fact the translational Killing vector in the asymptotically flat 
spacetime with an infinite cosmic string along z-axis; a + b — 0 , bo = 0 corresponds to a translation along z-axis, and 
a—b — 0 , ao = 0 - along t-axis. 

Eor the special case C = 1 (no string) the spacetime is asymptotically flat, and 


q = cos 6 



f) 


1 


X 

2 


corresponds to a standard translation where B is 


given by Eq. ©• 


(D13) 


APPENDIX E: ELECTROMAGNETIC FIELD 


1. Translational case 


The electromagnetic tensor reads: 

Foi = -ei{ 6 )-^ + uB~'^{-eiBB,gg +eiB,l -eiBB,g cotd - ei,g BB,g ) + ei,g +ei cot 6 » + 0(r“'^) 


Fo2 = 


£i,e +£iB,g B 


-1 


+ 0{r-^) , 


1 


Fo 3 =-qii sin0B,g B - + 0{r , 

r 

-eiB,g B~^u +ei \+0{r~^), 


Fi2 = 

Fi3 = 


/ri sin 0B,g B + /i sin 0 


1 


+ 0{r-^) , 


F 23 = — 


^isin0—^ {fiism0),g BB,g+fj,isin0BB,gg—fj,isin0B,l rt + (/i sin0),e + 0(r ^) . 


(El) 

(E2) 

(E3) 

(E4) 

(E5) 

(E 6 ) 


2. Boost case 


Assuming the boost-rotation symmetry, the electromagnetic tensor has the form: 


£ 

Foi =-cot 0 


1 


rcot0,„ COt0,^ ^,1 1 _ 4 , 

—— {£^wW + £)-\ - ^{G,wWFG) —^ + 0{r ) 


Fo2 = 


02 — n 


Fo3 = 


B 


^ /c c\ ^^,K;Sin^ 1 , ^ I 

: ^ 9 3 (^jiu w 2G) h 0 {r ) , 

Irtsin 0 2 u^ Jr 

-i(S,^, w-B) + ^(X>,«, w + V)]- + 0{r~‘^) , 

I Jr 


Fi2 


12 


1 


^3 — 


1 


V 


--Bu+- 


u i r 


+ 0{r-^) , 
\ + 0{t-^) 


F 23 =-Bcot0 + cos0{\b,w-'^^']-+ 0{r ^) . 

\2 J r 


(E7) 

(E 8 ) 

(E9) 

(ElO) 

(Ell) 

(E12) 
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Let us yet illustrate the general asymptotic forms 


(E9) for boost-rotation symmetric electromagnetic fields 
by specific examples. As follows from Eqs. (^), (^), the first non-vanishing terms are given by F 02 = £{w)/u^ 


Fo 3 = B{w)/u, with w = sin0/w. Denote by e, p, m electric charge, electric dipole and magnetic dipole moments 
respectively, and by a~^ the magnitude of acceleration. For a uniformly accelerated electric monopole (producing 
Born’s solution), we find £{w) = ea'^wj{l + B{w) = 0. For a uniformly accelerated electric dipole (see |^] 

for the complete field), we get £{w) = paw{2 — a^w'^)/{\ B{w) = 0, whereas for a magnetic dipole (see 

[M for the complete field), one finds £{w) = 0, B{'w) = —amw‘^{2 — a^w‘^)/{\ + We can easily check that 

J(£ cos 9/u)d9 = 0 in the case of electric dipole and / B cot 9d9 = 0 in the magnetic case - total charges indeed vanish. 
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